We consider structure-preserving integration of the Ostrovsky equation, which for example models gravity waves under the influence of Coriolis force. We find a multi-symplectic formulation, and derive a finite difference discretization based on the formulation and by means of the Preissman box scheme. We also present a numerical example, which shows the effectiveness of this scheme.
Introduction
In this paper, we consider structure-preserving integration of the Ostrovsky equation [1] under the periodic boundary condition of length L:
u(t, x) = u(t, x + L),
where α, β, γ are real parameters and the subscript t (or x, respectively) denotes the differentiation with respect to time variable t (or x). The operator ∂ x −1 is defined by
for any zero-mean and L-periodic function u [4] . This equation is often called the rotation-modified Kortewegde Vries equation. This equation has many physical meanings. For example, it models gravity waves under the influence of Coriolis force, surface and internal waves in the ocean, and capillary waves on the surface of a liquid. The Ostrovsky equation has three first integrals [2] :
The invariant (2), which we call the total mass, is the condition for the existence of the potential ϕ = ∂ x −1 u. The invariants (3) and (4) correspond to the energy and the L 2 norm conservation laws, respectively. From the perspective of structure-preserving integration, Yaguchi et al. have proposed four conservative numerical schemes [3] : a finite difference scheme and a pseudospectral scheme that conserve the energy (3), and the same types of schemes that conserve the norm (4). For other existing schemes, see also [4] [5] [6] [7] . In this paper, we devote our effort to multi-symplectic integration, which is a branch of structure-preserving integrations. We show that this equation has a multi-symplectic formulation, and provide a multi-symplectic scheme based on this formulation and by applying the Preissman box scheme. This formulation is motivated by the multi-symplectic formulation of the KdV equation by Ascher-McLachlan [8] . Although this multi-symplectic scheme preserves neither the energy nor the norm exactly, our numerical results show that the deviations are very small compared to the existing schemes by Yaguchi et al. [3] . This paper is organized as follows. In Section 2 the schemes by Yaguchi-Matsuo-Sugihara are summarized for readers' convenience. In Section 3 a multi-symplectic formulation and a multi-symplectic scheme based on it are proposed. In Section 4 some numerical results are provided. Concluding remarks and comments are given in Section 5.
We use the following notation. Numerical solutions are denoted by
where ∆x = L/N (N is the number of the spatial nodes) and ∆t is the time mesh size. We use the following abbreviations:
We also use the following difference operators: the standard forward, backward and central difference operators δ
for ∂ x 3 , and the forward difference operator δ
Approach by Yaguchi-Matsuo -Sugihara
In this section the previous finite difference approach by Yaguchi-Matsuo-Sugihara is summarized. Their energy conservative scheme is based on the following Hamiltonian structure:
and their norm conservative scheme is based on the following form:
The symbol δG/δu is the variational derivative of G with respect to u. They assumed that the initial condition is given so as to satisfy
which corresponds to (2), and defined the operatorδ
, which is the approximation of ∂ −1
x , by a summation operator
This is a natural discretization of (1). Firstly, the energy conservative scheme is summarized. A discrete version of the energy G = αu
, and the "discrete variational derivative" that approximates δG/δu = αu
Then the scheme is defined as follows.
Scheme 1 (The Energy Conservative Finite Difference Scheme [3])
This scheme corresponds to the Hamiltonian structure (5). Numerical solutions by Scheme 1 conserve both the total mass and the energy. Next, the norm conservative finite difference scheme is summarized. This scheme is defined as follows. Scheme 2 (The Norm Conservative Finite Difference Scheme [3] )
This scheme corresponds to (6) . Numerical solutions by Scheme 2 conserve both the total mass and the norm.
A multi-symplectic integrator
In this section a new multi-symplectic formulation and associated local conservation laws are shown. A multisymplectic discretization is also proposed by means of the Preissman box scheme. F (u, u t , u x , u tx , . . . ) = 0 is said to be multisymplectic if it can be written as a system of first order equations:
Multi-symplectic partial differential equations and multi-symplectic integrators
with (8) is that this system has a multi-symplectic conservation law
where ω and κ are differential two forms
Another key property is the following conservation laws. The system (8) has local energy and norm conservation laws:
where E(z), F (z), I(z) and G(z) are the density functions defined as
Thus integrating the densities E(z) and I(z) over the spatial domain under the usual assumption on vanishing boundary terms for the functions F (z) and G(z)
, we obtain the global invariants:
A scheme is called to be multi-symplectic if it satisfies some discrete version of the multi-symplectic conservation law (9) . As multi-symplectic schemes, the Preissman box scheme and the Euler box scheme are widely known. We adopt the Preissman box scheme in this report. The Preissman box scheme, introduced by Preissman in 1960 and then most widely used in hydraulics, was proved to be multi-symplectic by Bridges-Reich [9] . It is also called the centered box scheme. It leads
A multi-symplectic formulation and an integrator for the Ostrovsky equation
In this subsection, a multi-symplectic formulation for the Ostrovsky equation is presented. Setting z = (ϕ, u, v, w) ⊤ , we derive a multi-symplectic formulation (8) with two skew-symmetric matrices
and with the scalar function S(z) = uw − αu
This formulation is motivated by the multi-symplectic formulation for the KdV equation [8] . Actually when γ = 0, this reduces to the KdV case.
From (11), the density functions E and I are explicitly given by
Under the periodic (or vanishing) boundary condition, we obtain the following two global invariants
by using the standard integration-by-parts formula. (10), we give the following multi-symplectic scheme.
Scheme 3 (A Multi-Symplectic Scheme)
The detail on how this scheme is in fact "multisymplectic," i.e., how it realizes a discrete version of (9) is here omitted due to the restriction of the space (see our coming complete paper [10] for detail).
In Scheme 3, we have to give the initial approximate solution for the potential ϕ. This can be generated either by integrating u(0, x) analytically or by the summing of (U 0 , . . . , U N −1 ) ⊤ via (7).
Numerical examples
In this section we compare the multi-symplectic scheme with the conservative schemes by Yaguchi et al. numerically. The aim of this section is to confirm the effectiveness of the multi-symplectic scheme. The parameters were set to α = 1, β = −0.01, γ = −1. The length of the spatial period was set to L = 2π. The initial condition was set to u(0, x) = sin(x), and accordingly the potential was set to ϕ(0, x) = − cos(x). In this setting, Hunter reported that oscillations were observed [4] , and Yaguchi et al. confirmed this [3] . We set the time mesh size to ∆t = 0.1, and used a uniform grid, where ∆x = L/N with N = 101. Computation environment is CPU Xeon (3.00GHz), 16GB memory, Linux OS. We used MATLAB (R2007b), where nonlinear equations were solved by "fsolve" with tolerance T olF un = 10
and T olX = 10 −16 . Figs. 1 and 2 show the evolutions of the energies and the norms. Schemes 1 and 2 (the conservative schemes) preserve one invariant, but the deviation for the other invariant is large. On the other hand, the deviation of the numerical solutions by Scheme 3 (the multi-symplectic scheme) is very small.
Next, let us evaluate each scheme in view of qualitative behaviors. The numerical solutions are shown in Figs. 3-5. Fig. 6 shows the numerical solutions by Scheme 1 with a sufficiently small mesh size. If we regard Fig. 6 as the exact solution, Scheme 3 can be said to be the best of the three schemes because the numerical solution is much smoother and closer to the exact solution than Schemes 1 and 2. 
Concluding remarks
We proposed the multi-symplectic scheme for the Ostrovsky equation that preserves the multi-symplectic conservation law, and confirmed that this scheme gives better numerical solutions compared with the conservative schemes by Yaguchi et al.
Although we have also considered other structurepreserving schemes including conservative Galerkin schemes, the full detail is left to [10] . More numerical results will be included there. 
